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HOMOTOPY THEORY OF A∞-ALGEBRAS AND
CHARACTERISTIC CLASSES OF FIBER BUNDLES
HIROSHIGE KAJIURA, TAKAHIRO MATSUYUKI, AND YUJI TERASHIMA
1. Introduction
In this paper we give a new Chern-Weil type construction of characteristic classes
for fiber bundles by using homotopy theory of A∞-algebras. For vector bundles,
there are several constructions of characteristic classes. In particular, Chern-Weil
theory is a beautiful theory to get characteristic classes from additional objects as
connections or metrics. For fiber bundles which are not principal bundles with com-
pact Lie groups, it is difficult to get Chern-Weil-type theory because fiber bundles
have diffeomorphism groups as structure groups. Our idea is to replace a family
of closed manifolds as fibers to a family of A∞-morphisms with family of metrics
on the fibers. Then, we get get Lie algebra valued differential forms on the base
manifold and characteristic classes from Maurer-Cartan forms on moduli spaces of
A∞-morphisms.
In order to carry out this program, we need the basics of the homotopy theory
on A∞-algebras, in particular a notion of homotopy between A∞ maps, which was
developed for instance in [2, 3, 6, 8, 9, 10, 11, 17, 18, 20, 22, 24]. Remark that
[3] treats filtered A∞-algebras which are important for an application to Floer
homology and mirror symmetry.
A strong tool is the decomposition theorem which states that any A∞-algebra is
A∞-isomorphic to the direct sum of a minimal A∞-algebra and a linear contractible
A∞-algebra. The decomposition theorem was first mentioned in [15]. A proof was
given in [11, 10]. See [2] for a filtered version. Our construction is based on facts
which are obtained from the decomposition theorem. An important fact that any
A∞-quasi-isomorphism has its homotopy inverse was first proved in [3] by a different
method. See [7, 9, 22] for related results about homotopy inverse with an other
version of homotopy.
Our construction of characteristic classes can be seen as a higher homotopy group
version of a construction in [21] which use Chen expansions on fundamental groups.
For punctured-surface bundles whose fundamental groups are free, Chen expansions
were used to get Morita-Mumford-Miller classes in [12, 13] before [21]. It would
be interesting to compare our construction with rational homotopy theory on fiber
bundles in a wonderful paper [23].
This paper is organized as follows. In Section 2, we discuss the basics of the
homotopy theory on A∞-algebras and obtain key facts for our construction of char-
acteristic classes from the decomposition theorem. In Section 3, we introduce auto-
morphism groups and coderivation Lie algebras associated to minimal A∞-algebras.
Using these tools, in Section 4 we construct characteristic classes of fiber bundles
in the following two cases. In Subsection 4.1 we construct them for fiber bundles
which are homologically trivial. This case corresponds to the restriction to the
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Torelli groups when the fiber is a surface. In Subsection 4.2, we do the same for
a fiber bundle whose the fiber is a formal manifold under an additional technical
assumption. In Subsection 4.3, we show that there is a commutative diagram to
relate these constructions with the construction using the fundamental group in
[21].
Acknowledgment. We would like to thank M. Akaho, C-H. Cho, K. Fukaya,
T. Gocho, T. Kadeishvili, A. Kato, B. Keller, T. Kohno, Y. Kosmann-Schwarzbach,
H. Ohta and J. Stasheff for valuable discussions. This work is partially supported
by Japan Society for the Promotion of Science (JSPS), Grants-in-Aid for Scientific
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2. Homotopy theory of A∞-algebras
Throughout this section, all vector spaces are those over a fixed base field K of
characteristic zero.
2.1. A∞-algebras. We begin by recalling the notions of an A∞-algebra and an
A∞-morphism. See [14] for an introduction to A∞-algebras.
Definition 2.1 (A∞-algebra [25, 26]). Let A be a Z-graded vector space and
m = {mn : A⊗n → A}n≥1 be a family of linear maps with degmn = 2 − n. The
pair (A,m) satisfying the A∞-relations
∑
k+l=n+1
k−1∑
j=0
(−1)(i+1)(l+1)mk ◦ (id
⊗j
A ⊗ml ⊗ id
⊗(n−j−l)
A ) = 0
for n ≥ 1 is called an A∞-algebra. Then m is called an A∞-structure on H .
The multilinear map mk has degree (2−k) indicates the degree ofmk(a1, . . . , ak)
is |a1| + · · · + |ak| + (2 − k). The A∞-relations implies (m1)2 = 0 for n = 1, the
Leibniz rule of the differential m1 with respect to the product m2 for n = 2, and
the associativity of m2 up to homotopy for n = 3. These facts further imply that
the cohomology H(A,m1) has the structure of a (non-unital) algebra, where the
product is induced from m2.
Note that the product m2 is strictly associative in A if m3=0.
Definition 2.2. Let (A,m) be an A∞-algebra.
• If higher products are all zero, i.e. m3 = m4 = · · · = 0, (A,m) is called a
differential graded algebra (DGA).
• If m1 = 0, (A,m) is called minimal.
• If there exists an element 1 ∈ A which satisfies the equations
m2(x, 1) = m2(1, x) = x, mn(x1, . . . , 1, . . . , xn) = 0 (n 6= 2)
for x, x1, . . . , xn ∈ A, the triple (A, 1,m) is called unital A∞-algebra.
Remark 2.3 (Bar construction of an A∞-algebra). Let (A,m) be an A∞-algebra
and s : A → A[1] be the suspension map. Defining the suspension of mn by
m¯n := s ◦ mn ◦ (s
−1)⊗n for all n ≥ 1, then the degree of m¯n is 1 and the A∞-
relations are rewritten as the simpler equations
∑
k+l=n+1
k−1∑
j=0
m¯k ◦ (id
⊗j
A[1] ⊗ m¯l ⊗ id
⊗(n−j−l)
A[1] ) = 0
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(Getzler-Jones [4]). We denote the (counital) tensor coalgebra of A[1] by
T c(A[1]) :=
∞⊕
n=0
A[1]⊗n,
where the coproduct ∆ : T c(A[1])→ T c(A[1])⊗ T c(A[1]) of T c(A[1]) is defined by
∆(a1 ⊗ · · · ⊗ an) :=
n∑
k=0
(a1 ⊗ · · · ⊗ ak)⊗ (ak+1 ⊗ · · · ⊗ an)
for a1, . . . , an ∈ A[1]. Then m¯n : A[1]⊗n → A[1] extents the unique coderivation
mn : T
c(A[1])→ T c(A[1]) by the co-Leibniz rule ∆ ◦mn = (mn⊗ id + id⊗mn) ◦∆.
Setting
m =
∞∑
n=1
mn ∈ Coder(T
c(A[1])),
then m is a degree 1 codifferential, i.e. m2 = 0, from the A∞-relations of m. Thus
an A∞-algebra (A,m) is equivalent to a differential graded coalgebra (DGCA)
(T c(A[1]),m). The DGCA (T c(A[1]),m) is called the bar construction of (A,m).
Definition 2.4 (A∞-morphism). Let (A,m) and (A
′,m′) be A∞-algebras. A fam-
ily f = {fn : A⊗n → A′} of linear maps of deg fn = 1− n satisfying the equations∑
l≥1,
k1+···+kl=n
(−1)
∑
l
j=1 kj(l−j)+
∑
ν<µ kνkµm′l ◦ (fk1 ⊗ · · · ⊗ fkl)
=
∑
i+1+j=k,
i+l+j=n
(−1)1+n+(i+1)(l+1)fk ◦ (id
⊗i
A ⊗ml ⊗ id
⊗j
A )
is called an A∞-morphism f : (A,m)→ (A
′,m′).
• If f1 is a linear isomorphism, f is called an A∞-isomorphism.
• If f2 = f3 = · · · = 0, f is called a linear A∞-morphism.
• If (A, 1,m) and (A′, 1′,m′) is unital A∞-algebras and the equations
f1(1) = 1
′, fn(x1, . . . , 1, . . . , xn) = 0 (n 6= 1)
for x, x1, . . . , xn ∈ A hold, f : (A, 1,m) → (A′, 1′,m′) is called a unital
A∞-morphism.
The defining equation for A∞-morphisms for n = 1 implies that f1 : A → A′
forms a chain map f1 : (A,m1) → (A
′,m′1). This together with the defining
equation for n = 2 implies that f1 : A → A′ induces a (non-unital) algebra map
from H(A,m1) to H(A
′,m′1). We denote it by H(f1) : H(A,m1)→ H(A
′,m′1).
Definition 2.5. An A∞-morphism f : (A,m) → (A′,m′) is called an A∞-quasi-
isomorphism if f1 : (A,m1) → (A′,m′1) induces an isomorphism between the
cohomologies of these two complexes.
Remark 2.6 (Bar construction of an A∞-morphism). Let f : (A,m) → (A′,m′)
be an A∞-morphism. Defining the suspension of fn by f¯n := s ◦ fn ◦ (s−1)⊗n :
A[1]⊗n → A′[1] for all n ≥ 1, then the degree of f¯n is 0 and the relations for
A∞-morphism are rewritten as the equations∑
i≥1,
k1+···+ki=n
m¯′i ◦ (f¯k1 ⊗ · · · ⊗ f¯ki) =
∑
i+1+j=k,
i+l+j=n
f¯k ◦ (id
⊗i
A[1] ⊗ m¯l ⊗ id
⊗j
A[1]).
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Constructing the coalgebra map T c(A[1])→ T c(A′[1])
f =
∞∑
n=1
∑
i≥1,
k1+···+ki=n
f¯k1 ⊗ · · · ⊗ f¯ki
from maps f¯n, then f is a DGCA map (T
c(A[1]),m)→ (T c(A′[1]),m′) between bar
constructions, i.e. f ◦m = m′ ◦ f from the condition of A∞-morphism.
The composition of A∞-morphisms is defined by the composition of bar con-
structions of A∞-morphisms. From the definition, any A∞-isomorphism has its
inverse A∞-isomorphism uniquely.
On the other hand, it is easy to see that the composition ofA∞-quasi-isomorphisms
is an A∞-quasi-isomorphism. An A∞-quasi-isomorphism has its inverse A∞-quasi-
isomorphism in a strict sense if and only if it is an A∞-isomorphism, but always
has its homotopy inverse as in Theorem 2.10. These facts imply that A∞-quasi-
isomorphisms define an equivalence relation between A∞-algebras.
2.2. Decomposition theorem of A∞-algebras. A pair of minimal A∞-algebra
(H,mH) and an A∞-quasi-isomorphism f : (H,m
H)→ (A,m) is called aminimal
model of (A,m). If (H,mH), (A,m) and f is unital, f : (H,mH) → (A,m) is
called unital. The minimal model theorem [8] states that there always exists a
minimal model for any A∞-algebra.
The following stronger theorem was first mentioned in [15], and is called the
decomposition theorem. A proof was given in [11, 10]. See [2] for a filtered version.
Theorem 2.7. Any A∞-algebra (A,m) is A∞-isomorphic to the direct sum of a
minimal A∞-algebra M and a linear contractible A∞-algebra C. Here, a linear
contractible A∞-algebra C = (C,m
C) is an A∞-algebra such that m
C
2 = m
C
3 =
· · · = 0 and the cohomology H(C,mC1 ) is trivial.
Proof. We first choose a Hodge decomposition (H, ι, pi, h) of the complex (A,m1),
that is, H := H(A,m1) is the cohomology, ι : H → A and pi : A → H are linear
map of degree zero such that pi◦ ι = idH , h : A→ A is a linear map of degree minus
one and they satisfy
m1h+ hm1 + P = idA, h
2 = 0
where P := ι◦pi. This gives a Hodge decomposition of (T c(A[1]),m1), as a complex
of vector spaces, such that the cohomology is T c(H [1]). Actually, ι and pi extend to
the (linear) coalgebra maps ι : T c(H [1]) → T c(A[1]) and pi : T c(A[1]) → T c(H [1])
and one can construct a chain homotopy h : T c(A[1])→ T c(A[1]) from h¯, P¯ and the
identity map on A[1]. One such chain homotopy h shall be constructed in equation
(1).
We putM := ImP = Im ι and C := Im(m1h+hm1). Let us consider a coalgebra
homomorphism f(2) : T c(A[1])→ T c(A[1]) defined by f¯
(2)
1 = idA[1],
f¯
(2)
2 := h¯m¯2 − P¯ m¯2h,
and f¯
(2)
3 = · · · = 0. This defines an A∞-isomorphism f
(2) : (A,m) → (A,m(2)),
where m(2) := f(2)◦m◦(f(2))−1. In particular, it turns out thatm
(2)
2 = Pm2(P ⊗P ).
Thus, m
(2)
2 defines a bilinear map on M . Inductively, assume now that (A,m
(n))
is an A∞-algebra such that m
(n)
2 , . . . ,m
(n)
n define multilinear maps on M . We
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set a coalgebra homomorphism f(n+1) : T c(A[1]) → T c(A[1]) by f¯
(n+1)
1 = idA[1],
f¯
(n+1)
2 = f¯
(n+1)
3 = · · · = f¯
(n+1)
n = 0,
f¯
(n+1)
n+1 := h¯m¯
(n)
n+1 − P¯ m¯
(n)
n+1h,
and f¯
(n+1)
n+2 = f¯
(n+2)
n+3 = · · · = 0. Then, one sees that m
(n+1)
k = m
(n)
k for k ≤ n and
m
(n+1)
n+1 = Pm
(n)
n+1(P ⊗ · · · ⊗ P ). Thus, the induction is completed. For the details
see [10]. 
The decomposition theorem implies the minimal model theorem as follows. Given
an A∞-algebra (A,m) and a Hodge decomposition (H ≃ M, ι, pi, h) of (A,m1), by
the decomposition theorem we have an A∞-algebra structure on M ⊕ C and an
A∞-isomorphism A ≃M ⊕ C. In this situation, the pair (ι, pi) extends to the pair
of linear A∞-quasi-isomorphisms
M
ι // M ⊕ C.
pi
oo
Thus, the composition of ι with the A∞-isomorphism gives a minimal model M →
(A,m) of (A,m). What is stronger, an A∞-quasi-isomorphism (A,m)→M is also
obtained here.
Given a minimal model (H,mH)→ (A,m), the composition (H,mH)→ (A,m)→
M of the A∞-quasi-isomorphisms is an A∞-isomorphism since H ≃ M . Thus,
given an A∞-algebra (A,m) , its minimal models are unique (only) up to A∞-
isomorphisms. On the other hand, when we choose a Hodge decomposition (H =
M, ι, pi, h) of (A,m1), there exists a canonical construction of a minimal model of
(A,m) as presented in [16]. We employ this fact, too, later to construct character-
istic classes of fiber bundles.
2.3. A∞-homotopy. For simplicity, suppose K = R in this subsection.
Definition 2.8. Let (C,∆), (C′,∆′) be coalgebras, and f : C → C′ be a coalgebra
map. A linear map D : C → C′ satisfying
∆′D = (f ⊗D +D ⊗ f)∆
is a coderivation over f . For example, for a coderivation D on C′, fD is a
coderivation over f . If f is a coalgebra isomorphism, all coderivations over f are
obtained in such a way. Similarly for a coderivation D on C, Df is a coderivation
over f and the parallel fact holds.
Definition 2.9 (A∞-homotopy). Two A∞-morphisms f, g : (A,m) → (A′,m′)
are A∞-homotopic if there exist families of A∞-morphisms f(t) : (A,m) →
(A′,m′) and coderivations h(t) : T (A[1]) → T (A′[1]) over f(t) parametrized piece-
wise smoothly by t ∈ [0, 1] such that f(0) = f , f(1) = g and
df
dt
(t) = m′ ◦ h(t) + h(t) ◦m.
Then we denote f ∼ g, and {(f(t), h(t))}t∈[0,1] is called an A∞-homotopy from
f to g.
The following theorem was first proved in [3]. We give a proof of it using the
decomposition theorem along [11]. See [7, 9, 22] for related results about homotopy
inverse with an other version of homotopy.
6 HIROSHIGE KAJIURA, TAKAHIRO MATSUYUKI, AND YUJI TERASHIMA
Theorem 2.10. Let (A,m) and (A′,m′) be A∞-algebras. An A∞-morphism f :
(A,m)→ (A′,m′) is an A∞-quasi-isomorphism if and only if f is anA∞-homotopy
equivalence, i.e. there exists an A∞-morphism g : (A
′,m′) → (A,m) such that
g ◦ f ∼ idA and f ◦ g ∼ idA′ .
Proof. Given a Hodge decomposition (H = M, ι, pi, h) of (A,m1), by Theorem 2.7
we have an A∞-isomorphism A ≃M ⊕C, and the pair (ι, pi) extends to the pair of
linear A∞-quasi-isomorphisms
M
ι // M ⊕ C.
pi
oo
Here we show that the projection P = ι ◦ pi also extends to the linear A∞-(quasi-
iso)morphism P : M ⊕C →M ⊕C to M and it turns out to be A∞-homotopic to
the identity A∞-(iso)morphism idM⊕C . In fact, setting Pt := (1 − t)P¯ + t idA[1] :
A[1]→ A[1], by m¯1Pt = Ptm¯1 we have
d
dt
P⊗t = P
⊗
t ⊗ (idA[1] − P¯ )⊗ P
⊗
t
= P⊗t ⊗ (m¯1h¯+ h¯m¯1)⊗ P
⊗
t
= [m, P⊗t ⊗ h¯⊗ P
⊗
t ],
where we express as P⊗t the coalgebra map corresponding to Pt. Thus, idM⊕C and
P is A∞-homotopic to each other.
(In particular, the map
(1) h :=
∫ 1
0
(P⊗t ⊗ h¯⊗ P
⊗
t )dt : T
c(A[1])→ T c(A[1])
gives a chain homotopy from idT c(A[1]) to P
⊗. Namely, the Hodge decomposition
of (T c(A[1]),m1) is obtained. )
We also choose a Hodge decomposition (H ′ = M ′, ι′, pi′, h′) of (A′,m′1). Then
we have the following diagram of A∞-algebras and A∞-(quasi-iso)morphisms
A
∼ //
f

M ⊕ C
pi // M = H(A,m1)
ι
oo
fH

A′
∼ // M ′ ⊕ C′
pi′ // M ′ = H(A′,m′1).
ι′
oo
and here we define fH so that the diagram commutes. Since any composition of A∞-
quasi-isomorphisms is an A∞-quasi-isomorphism, so is fH . Furthermore, since M
and M ′ are minimal A∞-algebras, fH is actually an A∞-isomorphism. Thus, there
exists the inverse A∞-isomorphism (fH)
−1. Then we define g by the commutative
diagram
A
∼ // M ⊕ C // M = H(A,m1)oo
A′
∼ //
g
OO
M ′ ⊕ C′ // M ′ = H(A′,m′1).oo
(fH)
−1
OO
Note that, in order to construct this g we need the decomposition theorem only,
not the notion of A∞-homotopy.
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Now one can show g ◦ f ∼ idA and f ◦ g ∼ idA′ since they correspond to
P ∼ idM⊕C on M ⊕ C and P ′ ∼ idM ′⊕C′ on M ′ ⊕ C′, respectively. 
From Theorem 2.10, an A∞-quasi-isomorphism has a homotopy inverse.
3. Automorphism groups and coderivation Lie algebras
We consider the case ofK = R in this section. For simplicity, the cofree coalgebra
T c(H [1]) generated by a Z-graded vector space H is denoted by BH .
3.1. Lie groups and their Lie rings. Let (H,m) be an A∞-algebra. We consider
graded Lie subalgebras contained in the graded Lie algebra
Coder+(BH) := {D ∈ Coder(BH);D|R⊕H[1] = 0}.
The degree 0 part Coder+,0(BH) of Coder+(BH) is the Lie ring of the Lie group
IAut(BH) of coalgebra morphisms f : BH → BH such that f1 = idH . The
exponential map exp : Coder+,0(BH)→ IAut(BH) is bijective.
Sincem is a minimal A∞-algebra structure, its bar constructionm is in Coder
+,1(BH).
So the inner derivation ad(m) = [m,−] is a degree 1 differential on Coder+(BH).
The group of A∞-isomorphisms f : (H,m) → (H,m) such that f1 = idH is
denoted by IAut(H,m). Its Lie ring is the Lie algebra of coderivations which is a
chain map (BH,m)→ (BH,m), described by
Coder+,0m (BH) := Ker(ad(m) : Coder
+,0(BH)→ Coder+,1(BH)).
The Lie ring of the Lie normal subgroup of IAut(H,m)
IAut0(H,m) := {f ∈ IAut(H,m); f is A∞-homotopic to the identity}
is [m,Coder+,−1(BH)]. In fact, for any f ∈ IAut0(H,m), there exist f(t) ∈
IAut(H,m) and a coderivation h(t) over f(t) such that
df
dt
(t) = [m, h(t)],
f(1) = f and f(0) = id. Then we have
log f =
∫ 1
0
f(t)−1df(t) =
∫ 1
0
[m, f(t)−1h(t)]dt =
[
m,
∫ 1
0
f(t)−1h(t)dt
]
and which implies f ∈ exp([m,Coder+,−1(BH)]). Thus, the Lie ring of the quotient
Lie group
QIAut(H,m) := IAut(H,m)/ IAut0(H,m)
is the Lie algebra QCoder+m(BH) := H
0(Coder+(BH), ad(m)).
4. Construction of characteristic classes of fiber bundles
4.1. Moduli space of A∞-minimal models. LetX be an n-dimensional oriented
closed manifold. It will be a typical fiber of a fiber bundle. We denote the reduced
de Rham cohomology of X by
H := H˜•DR(X) =
∞⊕
p=1
HpDR(X),
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which is the cohomology of the reduced de Rham complex of X
A := A˜•(X) =
(⊕
p>0
Ap(X)
)
/(dA0(X)).
For a minimal A∞-algebra structure m on H , the moduli space Q(X,m) of
A∞-quasi-isomorphisms over m is the set of A∞-homotopy classes of A∞-quasi-
isomorphisms τ : (H,m) → A such that τ1 induces the identity map on the their
cohomology H .
The Lie group QIAut(H,m) acts on Q(X,m) by
τ · f := τ ◦ f
for τ ∈ Q(X,m), f ∈ QIAut(H,m). This action is free and transitive since an
A∞-quasi-isomorphism has a homotopy inverse. So Q(X,m) has (the inverse limit
of) smooth manifold structure which is isomorphic to QIAut(H,m).
The set A∞(X) of minimal A∞-structures m on H such that Q(X,m) 6= ∅ is
parametrized by the space
IAut(H,m)\ IAut(BH).
So the moduli space of A∞-minimal models of the reduced de Rham complex
A of X
Q(X) :=
∐
m∈A∞(X)
Q(X,m)
is parametrized by the space
Q(X,m)×IAut(H,m) IAut(BH)
fixing m. It is the space of A∞-homotopy classes of A∞-minimal models τ :
(H,m)→ A such that τ1 induces the identity map on the de Rham cohomology H .
The mapping class group of X
M(X) := Diff+(X)/Diff0(X) = pi0(Diff+(X))
acts on Q(X) as follows:
[ϕ] · [τ,m] := [ϕ ◦ τ ◦ |ϕ|−1, |ϕ| ◦m ◦ |ϕ|−1]
for [τ,m] ∈ Q(X) and [ϕ] ∈ M(X). Here |ϕ| is the induced map on H from ϕ.
This action is well-defined since two isotopic diffeomorphisms ϕ0, ϕ1 of X induce
A∞-homotopic dga maps A→ A.
4.2. Construction. Let E → B be a smooth fiber bundle whose fiber is an oriented
closed manifold X . For simplicity, we set
Q := Q(X), A∞ := A∞(X), Q(m) := Q(X,m), M :=M(X).
Choose a smooth fiberwise metric g of E → B. The metric gb on fiber Eb for b ∈ B
defines a Hodge decomposition on the de Rham complex A•(Eb). These Hodge
decompositions give unital minimal models (H,mb) → A•(Eb) of fibers as in [16].
By restricting (H•DR(Eb),mb) → A
•(Eb) to the reduced de Rham cohomologies
H˜•DR(Eb), we get (non-unital) minimal models
H˜•DR(Eb)→
⊕
p>0
Ap(Eb)→ A˜
•(Eb)
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of the reduced de Rham complexes A˜•(Eb). Here the A∞-algebra structure on
H˜•DR(Eb) is the restriction of mb. Then we can obtain the map B → S\Q, where S
is the image of the structure group of E → B inM. Here S\Q plays the role of the
usual classifying space of bundles with structure group S. Defining the de Rham
complex of S\Q by A•(S\Q) := A•(Q)S , we have the map H•DR(S\Q)→ H
•
DR(B).
Since any two metrics can be connected by a segment, this map is independent of the
choice of a metric. Remark that algebraic models of classifying spaces of fibrations
in the homotopy category are constructed in [23].
4.2.1. Homologically trivial bundles. We consider the case where the structure group
of a fiber bundle acts trivially on the de Rham cohomology group of the fiber.
In other words, suppose S = I := Ker(M → GL(H)). Then we have a map
q : B → A∞ by giving a smooth fiberwise metric of E → B. Fix m ∈ A∞. Since
the topological group IAut(H,m) is contractible, the pullback q∗ IAut(BH)→ B of
the principal IAut(H,m)-bundle IAut(BH)→ A∞ is trivial. Taking a trivialization
of the principal bundle, we get the I-equivariant map
s : q∗Q = Q(m)×IAut(H,m) q
∗ IAut(BH) ≃ Q(m)×A∞ → Q(m).
Thus we can obtain the chain map
A•(Q(m))I
s∗
→ A•(q∗Q)I → A•(B).
From the action of QIAut(H,m), the space Q(m) has the Maurer-Cartan form
η ∈ A1(Q(m); QCoder+m(BH)). Then we have the chain map
Φ : C•CE(QCoder
+
m(BH))→ A
•(Q(m))I .
Here C•CE(QCoder
+
m(BH)) := Λ
•Hom(QCoder+m(BH),R) is the Chevalley-Eilenberg
complex of the Lie algebra QCoder+m(BH) introduced in section 3.1. The differen-
tial dCE of the Chevalley-Eilenberg complex is defined by
(dCEc)(D1, . . . , Dp+1) :=
∑
i<j
(−1)i+j−1c([Di, Dj ], D1, . . . , Dˆi, . . . , Dˆj , . . . , Dp+1)
for p ≥ 0 and c ∈ CpCE(QCoder
+
m(BH)). The chain map Φ is constructed as follows:
for a cochain c ∈ CpCE(QCoder
+
m(BH)), we define
Φ(c) := c(ηp) =
∑
i1<···<ip
ηi1 ∧ · · · ∧ ηipc(b
i1 ∧ · · · ∧ bip),
where we set
η =
∑
i
ηib
i
using a (topological) basis {bi} of QCoder+m(BH). The p-form Φ(c) is I-invariant
since I acts on H trivially. Then Φ is a chain map by the flatness of η
dη +
1
2
[η, η] =
∑
i
dηibi +
∑
i<j
ηi ∧ ηj [b
i, bj ] = 0.
So we obtain the following:
Theorem 4.1. Let E → B be a smooth fiber bundle with oriented closed fiber X
whose structure group acts trivially on the real cohomology group of X . Then the
chain map Ψ : C•CE(QCoder
+
m(BH))→ A
•(B) obtained by the construction above
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induces the map Ψ# between cohomologies which is independent of the choice of a
smooth fiberwise metric.
For each cohomology class α inH•CE(QCoder
+
m(BH)), we call the image cα(E) :=
Ψ#(α) by the A∞-characteristic class of E with label α.
4.2.2. Formal manifold bundles. We consider the case whereX is a formal manifold,
i.e. A∞ = A∞(X) contains the algebra structure m of H , and there exists a
decomposition of S-modules
Coder+,0(BH) = V ⊕ Coder+,0m (BH),
where S is the image of S in GL(H) and V is an S-submodule of Coder+,0(BH).
By the same discussion of Lemma 3.5 in [21], we can obtain the following:
Lemma 4.2. The S-equivariant principal IAut(H,m)-bundle IAut(BH)→ A∞ is
S-trivial equivariantly.
Then there exists an S-equivariant diffeomorphism
Q = Q(m)×IAut(H,m) IAut(BH) ≃ Q(m)×A∞.
Since the space A∞ is also contractible, the space Q is homotopic to Q(m) S-
equivariantly. Then, from the Maurer-Cartan form on Q(m), we have the chain
map
C•CE(QCoder
+
m(BH), S)→ A
•(Q(m))S
in the same way as subsection 4.2.1. Here
C•CE(QCoder
+
m(BH), S) := C
•
CE(QCoder
+
m(BH))
S
is the S-invariant Chevalley-Eilenberg complex of QCoder+m(BH).
Theorem 4.3. Let E → B be a smooth fiber bundle with oriented closed formal
fiber X . Suppose there exists a decomposition of S-modules
Coder+,0(BH) = V ⊕ Coder+,0m (BH),
where m is the algebra structure of H and S is the image of the structure group in
GL(H). Then the chain map C•CE(QCoder
+
m(BH), S) → A
•(B) obtained by the
construction above induces the map between cohomologies which is independent of
the choice of a smooth fiberwise metric.
4.3. Relation to the construction using the fundamental group. For any
[τ,m] ∈ Q, we have the dual of the bar construction of τ
(BA)∗ → (BH)∗ = Tˆ (H∗[−1]),
where Tˆ (H∗[−1]) means the completed tensor product generated by H∗[−1].
Let ∗ be a basis point of X and A•(X, ∗) be the dga defined by
Ap(X, ∗) :=
{
{f ∈ A0(X); f(∗) = 0} (p = 0)
Ap(X) (p > 0)
.
Since the natural dga map A•(X, ∗)→ A, whose degree 0 part is the zero map and
positive degree part is the projection, is a quasi-isomorphism, the map BA•(X, ∗)→
BA induced by A•(X, ∗) → A is also a quasi-isomorphism. According to [1], the
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chain map C•(ΩX)→ (BA•(X, ∗))∗ obtained by iterated integrals from the cubical
chain complex of the loop space ΩX induce the isomorphism
Rˆpi1 = Hˆ0(ΩX ;R)→ H0((BA
•(X, ∗))∗),
where pi1 := pi1(X, ∗). So we get the isomorphism
Rˆpi1 ≃ H0((BA
•(X, ∗))∗) ≃ H0((BA)
∗) ≃ H0((BH)
∗) = TˆH1/Iδ,
where δ := m∗, H1 := H1(X ;R)[−1] and Iδ := δ(H2(X ;R)[−1]). Remark that the
map associated with an element in Q which comes from a metric g on X is the
Chen expansion determined with g following [5]. Then we have the M-equivariant
map θ : Q→ Θ¯(pi1). Here the definition of the space Θ¯(pi1) is obtained by replacing
“Hopf algebra” with “algebra” from Θ¯(pi1) in [21].
Fixing m, we have the commutative diagram
TτQ(m)
θ∗

// T1QIAut(H,m)
θ∗

QCoder+m(BH)
Tθ(τ)Θ¯(pi1, Iδ) // T1 IAut(TˆH1/Iδ) ODer
+(TˆH1/Iδ).
So we obtain
θ∗η1 = θ
∗η2,
where η1 is the Maurer-Cartan form on Q(m) by the action of IAut(H,m) and η2
is the one on Θ¯(pi1) by the action of IAut(TˆH1/Iδ).
Thus we obtain the following:
Theorem 4.4. We have the commutative diagram
H•CE(QCoder
+
m(BH)) // H
•
DR(B)
H•CE(ODer
+(TˆH1/Iδ))
OO 66
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
under the assumption in Theorem 4.1 and
H•CE(QCoder
+
m(BH), S)
// H•DR(B)
H•CE(ODer
+(TˆH1/Iδ), S)
OO 55
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
under the assumption in Theorem 4.3.
It would be interesting to compare our construction with another approach to
diffeomorphism groups from noncommutative geometry in [19].
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